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ABSTRACT 
Solutions to the wave-CISK (conditional instability of the second kind with cumulus heating being in-
duced by low-level internal wave convergence} system are obtained to study the vertical structure of margin-
ally unstable waves. Adiabatic heating profile is specified that resembles those observed and those theoret-
ically derived from simple parameterization schemes. Upper and lower bounds for the vertical wavelength 
of the unstable waves under normal heating conditions are established through analysis of the frequency 
(stability) equation. The lower bound excludes the possibility of excitation or maintenance of short vertical 
wavelengths (relative to the vertical scale of heating) by wave-CISK. The calculated growth rates indicate 
that this result is basically insensitive to the vertical heating profile. The vertical structure of the most 
unstable waves is also computed and the possible roles played by CISK in large-scale tropical waves are 
discussed in light of these results. 
l. Introduction 
The possibility that large-scale waves with short 
vertical wavelengths may be excited in the tropical 
atmosphere has been raised by Lindzen (1967), who 
showed that the equatorially trapped, internal gravity 
and internal Rossby waves usually have a small 
positive equivalent depth and therefore a short ver-
tical wavelength. Holton (1969, 1972a) later pointed 
out that such short vertical wavelengths, if they exist 
in the troposphere, would cause great difficulties for 
numerical weather prediction in the equatorial region 
because of the stringent requirement for high vertical 
resolution. Whether short vertical-scale waves actu-
ally have a significant presence in the tropical tropo-
sphere or not is unclear due to inadequate observations. 
Studies based on conventional radiosonde data (e.g., 
Wallace, 1971; and others) tend to suggest that most 
of the variance of the waves in the tropical tropo-
sphere is associated with vertical scales comparable 
to the scale height. However, Madden and Zipser's 
(1970) analysis of high-resolution rawinsonde data 
obtained during the Line Island Experiment showed 
that a quite short vertical wavelength ( "'3 km) 
existed over the central equatorial Pacific. Further 
observational studies thus seem necessary to resolve 
this problem. 
Condensation heating due to deep cumulus con-
vection has been recognized as a primary energy 
source for large-scale tropical motions. Two possible 
mechanisms which may be responsible for the excita-
tion of large-scale tropical waves by heating have 
been investigated. The first is a one-way forcing by 
the cumulus scale which receives no feedback from 
the large scale. Numerical study by Holton (1971, 
1972a, 1973) and analytical work by Chang (1976) 
have shown that this mechanism excites tropical 
waves that have vertical scales comparable to those 
of the forcing, which are usually 10-14 km. The 
problem of short vertical wavelengths thus appears 
unimportant for forced waves. The second possible 
mechanism is the conditional instability of the second 
kind (CISK) which involves a feedback to cumulus 
convection by low-level convergence of large-scale 
motion. This low-level convergence may be due to 
frictionally induced cross-isobaric flow, as in the case 
of typhoons (which shall be called "Ekman-CISK"), 
or due to the structure of the internal waves (which 
shall be called "wave-CISK"). The Ekman-CISK has 
been shown by Chang (1971) and Chang and Piwowar 
(1974) to possess no preferred horizontal scale for 
synoptic wave disturbances. Thus Ekman-CISK may 
not explain the generation of synoptic-scale waves, 
but it may be quite important in maintaining the 
waves once they are initiated. The wave-CISK mecha-
nism has been investigated by Hayashi (1970), Lindzen 
(1974) and Lindzen et al. (1975). Although Lindzen 
(1974) and Lindzen et al. (1975) found no direct 
horizontal scale selection, the most unstable wave-
CISK mode has a vertical scale seemingly comparable 
to the depth of the sub-cloud layer or the low-level 
convergent moist layer, depending on the particular 
model aspects. A short vertical scale may thereforn 
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be important for the excited waves. Using the cal-
culated vertical scale they also speculated that, due 
to the Doppler-shifting effect of the variable basic 
flow and the small growth rates, a period of "'5 days 
associated with a wavenumber zero, mixed Rossby-
gravity mode is likely to dominate the tropical spectra. 
This periodicity thus provides a basic frequency for 
tropical systems. Depending on the local basic flow, 
it may force resonantly higher wavenumbers that may 
be relevant to the observed waves. 
Since the growth rates associated with wave-CISK 
are usually very small, it may be expected that the 
CISK waves have properties similar to neutrally 
forced waves. The difference in the selection of vertical 
scales between the forced models and the wave-CISK 
. models thus appears to be worth further investigation. 
In addition to its importance for tropical numerical 
weather prediction, the vertical scale also determines 
other properties of the excited internal waves. The 
purpose of this paper is to examine the growth rates 
associated with wave-CISK, particularly with regard 
to the vertical scale selection mechanism. 
2. Basic equations 
Neglecting the shear of the mean zonal wind, the 
linearized zonal and meridional momentum, hydro-
static, thermodynamic energy and continuity equa-
tions for a single zonal wavenumber k on .an equatorial 
beta-plane may be written 
iwti-{J:yV= -ikcf,, (1) 
a<f, 











ika+-+e•tH-(e-•IHw) =0, (5) 
iJy az 
where a, v, w, t, c$ and Q are the perturbation zonal 
velocity, meridional velocity, vertical velocity, tem-
perature, geopotential and diabatic heating rate, 
respectively; w is the Doppler-shifted frequency, 
H a constant scale height, r the static stability, 
c11 the specific heat at constant pressure, R the gas 
constant, {3 the meridional gradient of the vertical 
component of earth's vorticity, y the meridional co-
ordinate, and z= -H In (p/p0) is the vertical coordi-
nate with p the pressure and p0 a reference pressure. 
Eqs. (1)-(S) may be combined into a single equa-
tion in w that may be separated into meridional and 
vertical structure equations by assuming that 
W=L Y,.(y)w,.(z) exp[z/(2H)], 
" 
where the density factor exp [z/(2H)] is separated 
for convenience. The meridional structure equation is 
d2Y,. (k{3 CJf B2y2) 
--+ --k2+--- Y,.=0, 
dy2 w gh,. gh,. 
(6) 
where g is the gravitational constant and h,., the 
equivalent depth, is the separation constant. Matsuno 
(1966) and Lindzen (1967) have shown that the solu-
tions to (6) which satisfy the boundary condition 
v .. ~ ·as /y/~oo, 
and lead to the frequency equation 
(7) 
(
k{3 w2 ) (gh,.)! 
--k2+- --=2n+1, n= -1, 0, 1, 2, ... , (8) 
w gh,. {3 
are 




H .. +1Wl 2[1 +~(gh,.)i] 
Xexp(-~2/2), 
where ~={3i(gh,.)-ly and the Hermite polynomials 
H,.(I;) have values only for n~O. The meridional 
velocity solution is v .. (y) ex: H,. W exp ( - ~2 /2). Lamb 
(1973) has solved (6) using the more general form 
of the confluent hypergeometric functions without the 
restriction of (7). In such a case, the lateral boundary 
conditions are given by the choice of vanishing me-
ridional velocity at some finite I y I where the con-
fluent hypergeometric functions have a node. The 
Hermite polynomials are a sub-set of the confluent 
hypergeometric functions. 
The vertical structure equation which is most rele-
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The parameter An is a measure of the vertical wave-
number and is generally complex for unstable waves. 
In the case of forced modes w and k are known pa-
rameters of the forcing function so that hn and An are 
obtained from (8) and (10) respectively. For CISK 
modes, on the other hand, An is determined as an 
eigenvalue of (9) and w is then found from (8) and (10). 
In the present calculation, the heating function Q' is 
assumed to possess a white-noise distribution for all 
Hermite modes (all values of n) so that the calcula-
tion of h will be independent of n. The subscript n 
will therefore be dropped in the subsequent discus-
sions. It is well known that the vertical structure 
equation (9) can also be derived by considering two-
dimensional wave motion only. 
As in the forced model by Chang (1976) the fol-
lowing boundary conditions are used to solve (9): 
where 
C1=rC2. 
at z=O (lla) 
(llb) 
Here Zt is the height of tropopause, C1, C2 are con-
stants, and the condition (llb) results from the re-
quirement that latent heating vanishes at z1• The 
parameter r is a reflection coefficient which, in the 
absence of vertical wind shear, is given by the speci-
fication of the static stability distribution. If the 
heating is assumed to vanish below the cloud base (z0 ), 
the solution to (9) may be written in the form 
w(z)= rei>-•+e-i»• f •• Q' sinXz-dz, z ~ z,, 
X(l+r) •• gh 
(12a) 
sinAZ f •1 Q' rei>-•+e-i>.z 
w(z) = ---- (re•>-•+e-•>-•)--:dz 
.\(l+r) • gh .\(l+r) 
!. Q' X sin.\z-dz, ze>z>z., (12b) •• gh 
sin.\z f •• Q' 
w(z) = ---- (rei>-•+e-i»•)-dz, 
X(l+r) •• gh 
z.~z~O. (12c) 
The solution procedure using the Green's function 
technique is the same as in Lindzen (1974). 
3. The heating function 
The parameterization of the effect of condensation 
heating due to cumulus convection is a major problem 
in tropical modeling. Important contributions on this 
problem have been made by the sophisticated schemes 
developed by Arakawa and Schubert (1974), Ooyama 
(1971), and others. On the other hand, in simplified 
analytical models, simpler schemes must be used to 
keep the mathematical analysis tractable. Usually in 
these models the vertical distribution of the heating 
is specified as a given function that is invariant in 
time. The major criticism of this type of parameteriza-
tion is that the results are sensitive to the specified 
heating profile such that one can obtain the desired 
result by simply tuning the heating profile. Another 
criticism is that the inherent time-variation of the 
heating function due to the complicated scale inter-
action cannot be properly included. However, recent 
observational studies, using both the spectral analysis 
technique and the composite technique, have produced 
a consistent picture of the vertical heating profile due 
to latent heat release over the tropical oceanic areas. 
The profiles observed by Nitta (1970), Wallace (1971), 
Reed and Recker (1971) and Williams and Gray (1973) 
are plotted in Fig. 1. It can be seen that in each case 
a maximum occurs in the middle troposphere between 
the 6 and 9 km levels. On the other hand, observa-
tional analysis of the divergence and vertical velocity 
by Schubert and Reed (1975) using recent GATE 
data has yielded a result that implies a vertical heating 
profile different from those shown in Fig. 1. They 
found that the maximum vertical velocity, which 
usually coincides with the maximum heating, based 
on scaling arguments (Holton, 1972b), occurs at a 
much lower level. However, analyses of the same data 
set by Petrossiants et al. (1975) and Antsipovich et al. 
(1975) of the USSR Hydrometeorological Center have 
resulted in profiles which are in close agreement with 
Fig. 1. In any case, the profiles included in Fig. 1 are 
THEORETICAL OBSERVED 
Wallace 
Williams & Gray 
Nitta 
Fm. 1. Vertical heating functions deduced from observations and 
from simple theoretical parameterization schemes. 
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based on a much larger sample of data and may be 
viewed as an indication that the tropical atmosphere, 
on a statistical basis, tends to maintain a similar 
vertical profile for the large-scale heating function. 
Results of a theoretical calculation by Kuo (1965) 
using his parameterization scheme are also included 
in Fig. 1. Kuo's parameterization was originally based 
on the assumption of horizontal niixing between cloud 
air and environmental air. Recently Kuo (1974) has 
shown that his formulation is equivalent to the con-
sideration that heating is due to the adiabatic com-
pression of the descending environment. Kuo's scheme 
has been used in many tropical numerical models 
with a degree of success not inferior to any other 
parameterization scheme. It is therefore interesting to 
compare his -heating profiles with those observed. In 
Fig. 1, the Kuo-1 curve is for the case of no entrain-
ment and the Kuo-2 curve is for the case of moderate 
entrainment. It is clear that the latter curve, having 
a maximum near 7 km, agrees quite well with those 
deduced from observations. The average heating profile 
obtained from the GFDL general circulation model 
as calculated by Hayashi (1973) is also included, 
because the GFDL model uses a different parame-
terization scheme: the moist convective adjustment. 
Hayashi decomposed the heating function into com-
ponents of various equatorial beta-plane modes. Among 
them, the profile for the Kelvin waves (n= -1) at 
the equator is one of the curves least resembling 
those observed. This profile is also plotted in Fig. 1. 
It is seen that even for this highly simplified parame-
terization scheme the maximum heating still occurs 
near 6 km, within the range of the other curves. 












Frn. 2. The specified heating function Q'(z). 
Based on the above discussion the heating function 
for the wave-CISK parameterization is specified as 
where 
Q'(z)=!mNSiwbea•' sin 1l'Z1, Zi~Z~Zc 





and .1.z=z1-zc is a measure of the vertical scale of 
the heating. The coefficient m specifies the strength 
of the heating and the factor ! is needed because 
the amplitude of the Fourier component is one-half 
of the heating maximum, as only positive conden-
sation heating is permitted. The heating is propor- . 
tional to the moisture convergence in the moist layer 
which is represented by the vertical velocity Wo at the 
top of the moist layer. The tropospheric value of the 
static stability S 1 is included in the proportionality 
constant. The parameter a is used to vary the maxi-
mum heating level to test the sensitivity of the model. 
The coefficient N is a normalization factor so that 
when other conditions are equal the total amount of 
heat release weighted by density in a column would 
remain the same with different values of a. Thus, 
N 
fu1 exp[ -z/(2H)]dz' 
fu1 exp[az' -z/ (2H)] ~ill71'z' dz' 
2H{1-exp[ -.1.z/(2H)]}.{[a-&/(2H)J2+71'2} 
11'{ exp[ a-&/ (2H) J+ 1} 
Profiles of (13) multiplied by the density factor 
exp (z/2H) are plotted in Fig. 2 for various values 
of a. The range of -1 ~ a~ 0, with maximum heating 
between 7 and 9 km, appears to be representative of 
the observed and theoretical profiles shown in Fig. 1. 
4. Analysis of the stability equation 
If the mixed layer with· t~p at Zb ( <zc). is assumed 
to be the moisture layer which provides . the con-
. vergence for CISK, the most relevant solution in 
studying the instability is (12c) evaluated at Zb. The 
solution is 
sinA.zo mwb Si 11'AZ 
Wo .. = ----- - --
A l+r gh 2 
[
e-iA•c(eq+ 1) +reiA•c (cq+ 1 )] 
x · I q2+11'2 
where m=mN and q=a-i>..!lz. Equating the coeffi-
cients of wb on both sides and using (10) leads to 
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( A2+_1_)[ (eq+ l)e-iX•c+r(e-q+ 1)e-iX•c] 4H2 
x +1=~ (1 +r )(q2+1T2) 
(14) 
where we have assumed that (sin AZb)/A=zb. It can 
be shown that q2+7r2=0 is not a solution to (14). 
Eq. (14) must be solved for the complex eigenvalue A 
using either numerical or graphical methods. However, 
before doing so some valuable information regarding 
the range of vertical scale of the unstable solutions 
may be obtained by analyzing (14). 
The complex eigenvalue A may be written as A=A, 
+iA;, where the real part Ar is the vertical wave-
number while the imaginary part A; gives the growth 
rate of the waves. If the positive A, is chosen, the C2 
component in (11b) represents the downward phase 
or upward energy propagation and the C1 component 
represents the upward phase or downward energy 
propagation. It then follows from (10) and (8) that 
if A; is negative, the imaginary part of the frequency w 
will be negative and the waves will grow exponentially 
in time. Based on observations, and justified a pos-
teriori, we shall consider only the case of marginally 
unstable waves, or very small growth rates. Thus the 
conditions applied to (14) may be written 




which is valid for all practical purposes since the 
scale height H of the atmosphere is ,.._,7 km and (17) 
only places a restriction of ,.._,gg km for the maximum 
vertical wavelength. 
Eq. (14) will now be analyzed by assuming that 
a=O and that the stratosphere (z>z1) and troposphere 
(z~ z1) have the same constant static stability S1. 
In this case r=O and since q2 +?T2~0 the stability 
equation may be re-written as 
Xexp(-iA1z.)+q2+7r2=0. 
Separating il'(A) into its real and imaginary parts 
gives two equations : 
Re(w') =0, 
Im (ilt') = 0. 
For a=O, (18) may be expanded to give 
Re (w') = (A,2-A;2+-
1
-)[ exp (A;z,)cos>..,z, 
4H2 
(18) 




Simplifying this equation with the conditions (16) 
and (17) and using (15) lead to 
Re('11') 
= (A,2 cosArZi-2A, J A; I sinA,Zi) exp( - J A; J z.) 
I 
+ (A,2 cosA,z.-2Ar /A;/ sinArz.)exp (- /A;/ z.) 
II 
2(r-Az2A,2) 




Since l cos ArZt J , I sin ArZt I ' l cos ArZc l and I sin ArZc I 
are all ~ 1 and exp(- I A;\ z.)< 1, from (16) we have, 
allowing for small error under extreme cases,1 
I I/~ A/} 
JIIJ ~Ar2 . 
Thus for (19) to be satisfied we may write 
(20) 
Max[Re (if')]= Max (I)+ Max (II)+ III> 0, 
where Max denotes the maximum value using the 
range (20): 
Max(I) = Max(II) = } .,2_ 
Thus we have 
211" 2~Ar2 
2Ar2+----->0, 








1 The precise maximum for terms I and II is \ \ (1 +4•')cos 
[tan-1(-2e) I J exp(- \>-;\z.) }>-,2, where •= \>-;/>-,\. Inequality 
(20) is true when •=0. For •=0.1 which is our assumption the 
maximum is [1.02 exp(-\A;\z.)]>-,2. Obviously if l>-d becomes 
large the exponential factor would become much less than 1. 

















.5 1.0 1.5 2.0 2.4 
FIG. 3. Values of Re(w) and Im(w) as a function of X,[km-1] ~nd X1[km-1]. The crosses in the Re(w) 
diagram are solutions for which Re(w) =Im(w) =0. 
Choosing the minimum values (Min) in (20), we have 
Min[Re (..Y') J =Min (I)+ Min (II)+ III< 0, 
or 
giving 
· 211' 2.6.ZAr2 
-2Ar2+-----<0, 
mz b.6.z mz b 
Ar2>------
.6.z ( .6.z +mz b) 
(23) 
So (21) and (23) give the upper and lower bounds 
for Ar. It is interesting to note that Ar--f/r / .6.z in the 
limit of m~, corresponding to a ·vertical wavelength 
of twice the heating scale, which is the most efficiently 
excited wavelength for forced waves (Chang, 1976). 
However, Ar=11'/ !lz cannot be a solution for any 
finite m because it does not satisfy (14). 
Now we shall use the values z1= 15 km, Zc= 1 km, 
AZ= 14 km, Zb=0.4 km, m=5.8 which leads to m=9. 
The value of m is calculated by fitting (13) to Reed 
and Reeker's . (1971) observed heating and vertical 
velocity profiles for the wave .trough, for which an 
estimate of 
mzb~ 2.32 km, . (24) 
can be made assuming that S1 =1.22X10--4 s-2 based 
on a tropospheric value of I'=3°C km-I. Eq. {24) is 
a good approximation as long as zo<4 km, so the 
particular choice of Zb is not crucial. From Reed and 
Reeker's data w0~0.29 cm s-I so that the maximum 
heating is "'6.8°C day-I. Substituting these values 
into {21)-(23) we obtain 
11' 11' 
-=0.512> \Ari >-.=0.167 km-I, 
6.14 18.8 . 
so the vertical wavelength, L= 211'/Ar, is limited by 
the following bounds: 
13 km<L<40 km. 
Thus waves with a vertical wavelength shorter than 
13 km will not be excited by wave-CISK. If such 
waves are first excited by another mechanism, the 
above result indicates that they cannot be maintained 
by wave-CISK. 
5. Eigenvalues and eigenfunctions 
a. Growth rates 
The stability equation (14) will now be solved using 
the graphical method with the accuracy of the solu-
tions improved by a numerical iteration technique. 
The graphical method is illustrated in Fig. 3, where 
the real and imaginary parts of 'lr(A) given by (14) 
with r=O, a=O and m=6 are plotted as a function 
of Ar and A;. Here the constants used are H = 7 km, 
z1 = 15 km, Zc = 1 km and Zb = 0.4 km. The intersections 
of the zero Re{'lr) and zero Im{'lr) lines give the 
eigenvalue solution A. It is seen that there exist many 
solutions with the most {and only) unstable solution 
having the smallest Ar or the longest wavelength. The 
solutions are labeled by an integer k with increasing k 
indicating increased Ar or decreased vertical wavelength .. 
The four longest vertical wavelength solutions are 
shown in Fig. 4 as a function of heating strength m .. 
It is seen that I A; I «Ar and that the growth rates as 
represented by -A; increase with m while the vertical 
wavelengths are alm9st constant. This diagram also 
indicates that the k = 1 solution is most unstable 
throughout the range m=4 to m= 10, which cor-









































-· __ ,,,,.,.. . ..,,,..· t_,...4 
__ . .,.,...· ---·-
6 7 8 9 10 
m(HEATING RATE) -
Fm. 4. The four longest vertical wavelength solutions as a 
function of the heating rate m. The solid curves are ).., and the 
dash-dotted curves )..;. The corresponding vertical wavelength 
L,=21r/).., is given in the parentheses of the).., coordinate. The 
ratio of static stabilities between stratosphere and troposphere 
is 1. 
responds to maximum heating rates of 4. 7 and 11. 7°C 
day-I if wb=0.29 cm s-I. In fact, it is the only un-
stable solution up to m=9. For this solution the value 
of;\ for m=5.8 is 0.388-0.026i [km-I], which is well 
within the range predicted by (21) and (23). 
The sensitivity of the eigenvalues with respect to 
the vertical heating profile (13) is shown in Fig. 5 in 
which the k=l to k=4 solutions with m=6 are given 
as a function of a. It is clear that the vertical wave-
lengths are all insensitive to a. For the growth rates 
the k= 1 solution is almost independent of a, but the 
other solutions all increase with a. There is an indica-
tion that as a increased to > 5 the shortest vertical 
wavelength becomes the most unstable solution. How-
ever, for the realistic range of O~ a~ -1, which 
represents the statistical mean state of the heating 
function in the tropical atmosphere, k = 1 is the only 
unstable solution. 
Solutions for a different static stability s. in the 
stratosphere are obtained by including the radiation 
condition for z> z, as the third boundary condition. 
In this case the reflection coefficient is derived by 
continuity requirements of w and </> across z1 : 
1-(S./Si)t 
r exp(-2i;\,z1), for S,>S,. 
1+(S./S1)~ 







































3 4 5 6 
Fm. 5. As.in Fig. 4 except that the solutions are given as a function 
of the heating profile parameter a. 
seen that the general conclusions drawn from Fig. 5 
remain valid, although waves with a shorter vertical 
wavelength become more unstable than the k= 1 waves 
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'f:..t'lr/ /i...• -~lh~ 1.5 I .. / /1 
/ /.' 
(3.8) • I 
-1 0 
~=4 
2 3 4 5 6 7 
Fm. 6. As in Fig. 4 except that the solutions are given as a 
function of the heating profile parameter a and that the ratio of 
static stabilities between stratosphere and troposphere is 2.5. 
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heating level· of "'12 km or 200 mb, much above all 25 
observed levels. So our result is basically insensitive 
to the vertical h~ating distribution. 
b. Vertical profiles 
Th~ vertical structure of w, corresponding to the 
"A fork= 1 and a= 0 in Fig. 6, is shown in Fig. 7 for two 
heating intensities m= 6 and 10. It can be seen that 
the tropospheric amplitude reaches a maximum be- . 
tween 6 and 9 km and has a minimum at the tropo-
pause for both cases. In the stratosphere the amplitude 
for m=6 increases at a slow rate with height due to 
the density factor, but the kinetic energy actually 
decreases with height. This decrease is due to the 
instability of the waves which results in "Ai<O. The 
decrease of the wave kinetic energy is much faster 
for the more unstable m= 10 case, so that even its 
amplitude decreases with height. The vertical phase 
distributions for both cases are almost the same and 
indicate that there is virtually no vertical propagation 
in the troposphere in contrast to a downward propa-
gation in the stratosphere. The vertical wavelength 
computed from 27r/"A, is 16.2 km in the troposphere 







5 .. ·· 




\ m=10 ) 
.. 
----------~---------
2 3 4 -ff' 0 ff' 
AMPLITUDE PHASE 
FIG. 7. Amplitude and phase of w as a function of height for 
m=6 (solid lines) and m=lO (dotted lines). The phase lines for 
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Fw. 8. As in Fig. 7 except for t. 
of "A, is increased in the stratosphere by approximately 
a factor of (S./St)l, as can be seen from (10). · 
Vertical structures of other variables can be com-
puted utilizing the basic equations (1)-(5) and the 
solutions to the meridional structure equation (6). 
Here only the temperature structure for the Kelvin 
wave case (n= -1) will be shown. From (4) and (8) 
we have 
Tn=-1= 
i(ws- R 0)n 
H Cp (25) 
kR(glt)! 
It is obvious from (25) that the amplitude of the 
temperature perturbation decreases as the zonal wave-
number k increases. The t n=-l structure correspondil).g 
to thew in Fig. 7, is shown in Fig. 8. It can be seen 
that the amplitude distribution is quite sensitive to 
the strength of the heating. The discontinuity at Zt is 
due to the layered static stability distribution assumed 
in our model. The large temperature perturbations in 
the stratosphere are, of course, due to the large static 
stability there. Figs. 7 and 8 are constructed using 
nondimensional units. The two figures may be com-
pared by letting the unit for the w amplitude be 
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1 cm s-1 ; in this case the corresponding unit for the 
t amplitude will be a-1 [°C], where a=kX (radius of 
the earth) is the number of waves around the equator. 
For these units the amplitude of w is quite close to 
the typically observed values of "matured" tropical 
waves, with maximum "'3 cm s-1 for m=6 and 
"'4.2 cm s-1 for m= 10. On the other hand, the maxi-
mum t perturbation in the troposphere is almost 
10°C for wavenumber (a) 1 and even larger in the 
stratosphere. Lindzen (personal communication) has 
suggested that these enormously large temperature 
fluctuations indicate that large damping effect of 
vertical momentum transport due to cumulus con-
vection must be important. However, for shorter waves 
the temperature perturbation is proportionally smaller. 
If we consider a zonal wavelength of 4000 km, then 
a~ 10 and the temperature fluctuations are all < 1°C 
in the troposphere, in good agreement with observa-
tions and with Holton (1971)'s numerical calculations. 
In fact, this magnitude estimate may explain why 
atmospheric Kelvin waves, which have a t amplitude 
"'2°C in the lower stratosphere, are not observed in 
the troposphere. For such waves the vertical velocity 
in the troposphere would be an order of magnitude 
smaller than for the easterly waves which have a 
typical zonal wavelength "'3000 km and a maximum 
vertical velocity "'3 cm s-1 • On the other hand, damp-
ing effect of a certain magnitude must play a role for 
the easterly waves to explain the complete absence 
of them in the stratosphere. Although these estimates 
are based on Kelvin waves only, for other wave modes 
a relationship between the tropospheric temperature 
amplitude and the zonal scale must also exist at 
latitudes somewhat away from the equator because 
of the following scaling arguments. Wallace (1971) 
and Holton (1972b) have shown that, for weak, 
tropical, synoptic-scale motions with a depth scale 
comparable to the scale height, a diabatic heating 
rate of 5-10°C day-1 is almost completely balanced 
by the adiabatic cooling. Thus the temperature fluc-
tuation is one order of magnitude smaller than either 
term. This balance may be attributed to the smallness 
of the Rossby number which is "'-'0(1) or larger for 
tropical synoptic-scale motions. For planetary-scale 
motions the length scale is one order larger so that 
the Rossby number is '""'O(l0-1) at intermediate 
tropical latitudes, and the scale analysis indicates that 
the pressure and temperature perturbations must be 
increased by one order of magnitude. 
The phase diagrams in Figs. 7 and 8 indicate that 
in the lower troposphere and the entire stratosphere 
the temperature leads the vertical velocity by'""'! cycle. 
In the middle and upper troposphere (7-12 km for 
m = 6 and 5-12 km for m = 10), they are in phase 
except near the tropopause (12-14 km), where they 
are out of phase. These phase relationships are con-
sistent with the energetics because the conditions for 
wave growth are 
From (25) and (10) it can be shown that these con-
ditions are satisfied when :>-.;<0 and 
{" S Re(w)dz<R Ia"' Qdz/(Hcp). 
The latter condition implies that the diabatic heating 
rate exceeds the adiabatic cooling rate which, of 
course, is responsible for the continuous growth of the 
waves with time. 
c. Equatorial trapping scales 
The meridional scale of the unstable waves may be 
estimated from the Hermite solutions of the meridional 
equation (6). The north-south, e-folding width is 
y.= Re[2(gh)!/,6]!, 
and the maximum amplitude for the mixed Rossby-
gravity mode (n=O) occurs at 
yo= Re[ (gh)~/.B]~. 
The maximum for the Kelvin mode occurs at the 
equator. From results obtained for the k = 1 waves, 
:>-.~0.388-0.026i [km-1] so that (gh)~""25.5-1.7i [m 
s-1] from (10). It follows that Ye"" 1480 km and Yo 
~ 1050 km with ,6=2.21X10-11 m-1 s-1• Both of these 
are reasonable values in terms of the trapping of 
waves on the equatorial beta-plane. 
6. Concluding remarks 
We have shown that tropical waves cannot remain 
unstable with respect to wave-CISK if the vertical 
wavelength is much smaller than the vertical scale 
of heating. This result holds for a number of reason-
able heating profiles that have been observed or 
theoretically derived. The dispersive relationship of 
the growth rates of various equatorial beta-plane 
modes has been shown by Lindzen (1974) to be un-
satisfactory in selecting the porizontal scale of tropical 
waves. From the computed eigenvalues it can be 
shown that, even under the extremely intense heating 
case of m= 10, the growth rates for Rossby waves, 
mixed Rossby-gravity waves, and the longer zonal-
scale Kelvin waves are all very small. This result is 
similar to that obtained by Chang and Piwowar 
(1974) for the Ekman-CISK and indicates that wave-
CISK is not responsible for the initial selection mecha-
nism of the tropical waves. Once the waves are excited 
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by some other mechanism, however, the internal wave 
convergence could induce organized cumulus convec-
tion and release wave-CISK as an energy source. The 
present calculation indicates that under such cases 
the shorter vertical-scale waves will still not be main-
tained by wave-CISK. There is no definite explana-
tion to the fact that the gravity modes and the shorter 
zonal scale Kelvin modes, which are usually not 
observed in the tropical atmosphere, are most unstable. 
However, these waves have very short periods and 
various arguments have been given against their oc-
currence on a regular basis. For example, if one con-
siders the lifting process2 of CISK (Ooyama, 1969; 
Holton, 1972b), the short periods will be insufficient 
for a low-level air parcel to reach its condensation 
level. In any case, the result that wave-CISK can 
neither excite nor maintain waves with short vertical 
wavelengths remains ~valid independent of these con-
siderations. The concern about short 'vertical-scale 
excitation due to wave-CISK in a tropical numerical 
model may thus be relieved. The resonant forcing of 
tropical waves by a fundamental wave-CISK fre-
quency associated with the zonally-symmetric, mixed 
Rossby-gravity mode as hypothesized by Lindzen 
(1974) also does not appear to be plausible, because 
the equivalent depth would be too large to give a 
fundamental periodicity near 5 days. 
The calculated vertical structure of w and f applies 
to all waves maintained by heating and is not re-
stricted to wave-CISK. The eigenvalue >.. found by 
the wave-CISK equation used here may alternatively 
be viewed as being excited by a specified forcing 
[as· in the model by Chang (1976)] with a small 
linear damping. The damping coefficient would then 
appear in the complex Doppler-shifted frequency in 
the same way an an imaginary frequency due to 
instability. The computed magnitudes of w and t 
suggest that the observed planetary-scale · Kelvin 
waves are likely to be a result of forcing rather than 
instability, because a small forcing function can ex-
plain the amplitudes in the stratosphere and tropo-
sphere. However, an instability consistent with the 
present CISK parameterization should eventually 
amplify the waves to a finite amplitude w comparable 
to that observed for large-scale, cumulus-associated 
tropical motions, but with a temperature amplitude 
too large to be realistic. The small low-level vertical 
velocities of these waves is also an indication that 
CISK is unlikely to be important. On the other hand, 
the tropospheric amplitude of the synoptic-scale waves 
may quite possibly be supported by a CISK-type 
process. These waves have a wavelength "'2000-4000 
km and a period ,.,_,5 days which lead to a phase speed 
relative to the ground of ,.,_,5_9 m s-1• Such a phase 
2 Lindzen et al. (1975) have alternatively considered that the 
CISK is not a lifting process but a low-level organizing process 
which does not require lifting. 
speed would make the waves greatly attenuated before 
reaching the stratosphere, because the Doppler-shifted 
phase speed is very small near and below the tropo-
pause and the damping can become very efficient 
(Lindzen, 1971). 
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